In this paper, a possible applicability of artificial neural networks to predict the elastic modulus of composites with ellipsoidal inclusions is investigated. Besides it, based on the general micromechanical unit cell approach, theoretical formula is also developed, for effective elastic modulus of composites containing randomly dispersed ellipsoidal in homogeneities. Developed theoretical model considers the ellipsoidal particles to be arranged in a three-dimensional cubic array. The arrangement has been divided into unit cells, each of which contains an ellipsoid. Practically in real composite systems neither isostress is there, nor isostrain, and besides it due to the effect of random packing of the phases, non-uniform shape of the particles, we are forced to include an empirical correction factor. We are forced to include an empirical correction factor in place of volume fraction which provided a modified expression for effective elastic modulus. Empirical correction factor is correlated in terms of the ratio of elastic moduli and the volume fractions of the constituents. Numerical simulations has also been done using artificial neural network and compared with the results of Halpin-Tsai and Mori-Tanaka models as well as with experimental results as cited in the literature. Calculation has been done for the samples of Glass fiber/nylon 6 composite (MMW nylon 6/glass fiber), Organically mod-ified montmorillonite (MMT)/High molecular weight (HMW) nylon 6 nanocomposite ((HE)2M1R1-HMW nylon 6), Epoxy-alumina composites and MXD6-clay nanocomposite. It is found that both the theoretical predictions by the proposed model and ANN results are in close agreement with the experimental results.
Introduction
Engineered composite materials are renowned for their advanced properties. That's why the prediction and estimation of effective mechanical properties of random heterogeneous composite materials are of great interest to researchers and engineers in many science and engineering disciplines. For example, fiber-reinforced composites have superior mechanical properties over their unreinforced matrix. For civilian applications, cost is often a deciding factor in material selection. Compared with continuous fiber composites, short-fiber composites are cost effective because they can be adapted to conventional manufacturing techniques [1] - [6] . However, the application of short-fiber composites has so far been limited primarily to lighter load-bearing components, because of their low strength and toughness. The relatively low strength and toughness of short fiber composites are intrinsic problems caused by two main factors. With respect to interface selection, there exists a tradeoff between the strength and toughness of short-fiber composites: high strength is often obtained at the sacrifice of toughness. For a short fiber composite, a strong interface is desirable to transfer load from matrix to fibers, since relatively stronger interfaces can increase the effective fiber length over which the fiber carries load. The so-called "effective" properties of a heterogeneous composite are obtained by some volume-and ensemble-averaging processes over a "representative volume element" (RVE) featuring a "mesoscopic" length scale which is much larger than the characteristic length scale of particles (inhomogeneities) but smaller than the characteristic length scale of a macroscopic specimen.
One of the simplest approximations is Voigt approximation [1] , which is used to evaluate the effective properties of a composite. It was originally introduced to estimate the average elastic constants of poly crystals. Voigt assumed that the strain through the bulk material is always uniform. The inverse assumption to Voigt approximation is the Reuss approximation [2] , which assumes that the stress is uniform throughout the phases. Using variational principles, Hashin and Shtrikman [3] [4] established bounds on the materials that could be considered as mechanical mixtures of a number of different isotropic and homogeneous elastic phases, and in bulk, regarded as statistically isotropic and homogeneous. Gusev et al. [5] used image analysis to characterize the microstructure of a unidirectional glass/epoxy composite which was found to be transversely randomly packed. Monte Carlo procedure was employed to generate periodic computer models with unit cells comprising of random dispersion of a hundred non-overlapping parallel fibers of different diameter. An ultrasonic velocity method was used to measure elastic constants. On the basis of periodic three-dimensional meshes, the composite elastic constants of the Monte Carlo models were calculated numerically. It was shown that the randomness of the composite microstructure had a significant influence on the transverse composite elastic constants while the effect of fiber diameter distribution was small and unimportant.
Lusti et al. [6] predicted the thermo elastic properties of misaligned short glass fibre reinforced composites, using the finite-element-based numerical approach. Characterization of the microstructure of the two injectionmoulded materials chosen for examination, in particular the fibre length and fibre orientation distributions, were used to ensure that the computer models were built with the same microstructure as the "real" materials. Agreement between the measurements, in particular for the longitudinal Young's modulus E 11 and the longitudinal and transverse thermal expansion coefficients, α 1 and α 2 , and the numerical predictions was found to be excellent.
Segurado and Llorca [7] developed a numerical approximation to the elastic properties of sphere-reinforced composites. The elastic constants of the ensemble of spheres embedded in a continuous and isotropic elastic matrix were computed through the finite element analysis of the three-dimensional periodic unit cells, whose size was chosen as a compromise between the minimum size required to obtain accurate results in the statistical sense and the maximum one imposed by the computational cost. Jweeg et al. [8] did the experimental work and studied theoretically, modulus of elasticity for long, short, woven, powder, and particle reinforcement of composite materials types with difference volume fraction of fiber. The results show the best modulus of elasticity for reinforcement composite is unidirectional fiber types in longitudinal direction and the woven reinforcement fiber types for transverse direction. More recently Upadhyay and Singh [9] modified Hashin-Shtrikman bounds using nonlinear volume fraction dependence of dispersed phase using the concept of microstructure and interconnectivity of phases at the interface. Modniks and Andersons [10] employed the finite element method to evaluate the elastic properties of a unit cell of a composite reinforced with short-fiber. For prediction of the stiffness of short-flax-fiber-reinforced polymer matrix composite, the orientation averaging approach is used. Ji and Wang [11] used cell model to analyze the effect of micro structural factors on the mechanical response of short fibers or particles-reinforced metal-matrix composites. Based on the cell model, the plastic constitutive relation of fiber or particle reinforcement composites was established. Koker et al. [12] investigated the effect of various training algorithms on learning performance of the neural networks on the prediction of bending strength and hardness behavior of particulate reinforced composites. The basic consideration of this study is to predict the result of the bending and hardness experiments of Al 2 O 3 /SiC reinforced composites. Sha et al. [13] described the use of artificial neural network method to study, in the field of materials science and engineering research. The Halpin-Tsai theoretical model is well known model that provides good agreement with the experimental data in case of long, random fibres for fibre reinforced composite materials, Halpin and Tsai developed a well known composite theory for predicting the stiffness of unidirectional composites as a function of aspect ratio [14] - [16] . The Mori-Tanaka average stress theory has also received considerable attention in the literature [17] . It was derived on the principles of Eshelby's inclusion model for predicting an elastic stress field in and around an ellipsoidal particle in an infinite matrix [18] . To account for finite filler concentrations, Mori and Tanaka [17] , however, considered a non-dilute composite consisting of many identical spheroidal particles that cause the matrix to experience an average stress different from that of the applied stress; to satisfy equilibrium conditions the volume average over the entire composite was forced to equal the applied stress.
This paper proposes a theoretical model that predicts the elastic modulus of short-fiber composites or we can say composite reinforced with ellipsoidal particles. The overall goal of the research is to deduce the theoretical formula to predict the effective elastic modulus of composite injected with ellipsoidal fillers and compare its results with results of other theoretical models, results of artificial neural network ANN approach and finally to validate these with experimental predictions as given in literature. Some real ellipsoidal injected composites invariably have disoriented fibers of highly variable length; we focus here on composites having aligned ellipsoidal particles/fibers with uniform length and mechanical properties. The modeling of composites with effect of distributions of fiber orientation is improved with the inclusion of correction term in place of volume fraction. All of the models use the same basic assumptions: the fibers and the matrix are linearly elastic, the matrix is isotropic, and the fibers are either isotropic or transversely isotropic. The fibers are axisymmetric, identical in shape and size. The fibers and matrix are well bonded at their interface, and remain that way during deformation. Thus, we do not consider interfacial slip, fiber-matrix debonding or matrix microcracking. Examples of heterogeneous particles or fibrous composites are abundant, such as graphite/epoxycomposites, ceramic matrix composites, porous and cracked media, concrete and cementitious composites, polymer-blended soils, and rocks, etc. The experimental data of following composite materials are used in this study.
1) Glass fiber-MMW (medium molecular weight) nylon 6 composites, (Glass fiber/MMW composite); 2) (HE) 2 Rapeseed is natural product composed predominantly unsaturated C 22 alkyl chains (45%).
3) MXD6/clay nanocomposites, where MXD6 is poly (m-xylylene adipamide); 4) Epoxy composites reinforced with 200 nm thick alumina platelets. The elastic properties of these composites are given in Table 1 . The present approach is simple and provides wider applicability to ellipsoidal model and enhances its ability to predict correctly the effective elastic modulus of composites system.
Theoretical Modeling
Here first we propose a theoretical model to evaluate the effective mechanical behavior in terms of effective elastic modulus of a matrix reinforced with a random and homogeneous distribution of ellipsoids by the unit cell approach and also computed numerically with artificial neural network (ANN). According to our model the arrangement has been divided into unit cells each of which contains an ellipsoid. However, in real systems, the packing and the shape of the particles are random. In order to incorporate the effect of deformed reinforcement particles, varying individual geometries and non-linear stress and strain, a correction term in place of the physical volume fraction has been introduced. Expressions for the volume fraction correction term have been obtained empirically by simulating experimental data reported in the literature. In this paper, all particles are assumed to be non-intersecting (impenetrable) and embedded firmly into a homogeneous matrix material, i.e., perfect interfacial bonding is assumed. Further, we assume that statistical homogeneity holds. Therefore, effective (averaged) material properties remain the same for arbitrary averaging domains inside a composite medium. As a consequence, heterogeneous composites can be represented by equivalent homogeneous continuum media with appropriately defined effective properties.
Ellipsoidal Inclusion Unit Cell Model
While exploring the problem, here we consider that the filler particles be ellipsoidal having principal axes 2a, 2c and 2a (a < c). We assume the distribution where these filler particles to be positioned at the corners of a simple cube of side 2b each, as shown in Figure 1(a) . The geometry of a unit cell is shown in Figure 1(b) . We consider the origin of coordinate axes is located at the centre of the ellipsoid. The unit cell can be divided into thin sections or slices by planes perpendicular to the x-axis. Let us take one such section which is bounded by two planes at x and x + dx distances. In Figure 1 (c), the section is shown, which is subdivided into four quadrants. One such section is shown in Figure 1 The volume fraction of the solid phase will be
Similarly, the volume fraction of the filler phase will be
The terms (y/b) and (1 − y/b) are equivalent to the one-dimensional volume fraction. Therefore, using the Voigt model, the Elastic modulus of the bar will be:
where E 1 and E 2 are the Elastic moduli of the filler and matrix phase respectively. With reference to Figure 1(d) , the elastic modulus of the section will be
where
Combining Equations (4) and (5) yield the following result: 
With reference to the Figure 1(d) , we have:
Volume fraction of portions numbered 1 = (
Volume fraction of portions numbered 2 = ( )
Therefore, the effective elastic modulus (E eff ) of the unit cell for isostress case from Reuss model will be Therefore E′′ varies as x changes from 0 to a then, on averaging, we get
Combining Equations (6) and (10) yield the following result
Combining Equations (3) and (11) yield the following result
For an ellipsoidal particle we have
By combining (12) and (13), we get the following result
By combining (9) and (14), we get the following result
The unit cell contains one ellipsoid inside. Therefore, fractional volume of the solid phase will be
Putting the limiting condition into Equation (16), if c = b, then we get
Combining Equations (15) and (17) we get the following result: For cubic packing of ellipsoidal inclusions the maximum value of the packing fraction will be <0.52 (because a < b). In the limiting case, it can be seen that, when 1 φ tends to 0, E eff approaches E 2 and when 1 φ tends to 0.52, E eff leads to the arithmetic mean of the phases. Considering that (18) is based on rigid geometry and it does not represent the true state of affairs of a real two-phase system. The effective elastic modulus depends upon the various characteristics of the system, most prominent amongst them being the volume fraction and elastic modulus of the constituent phases. Thus, for practical utilization, we have to modify the expression (18) by incorporating a correction term. It should be a function of the ratio of the elastic modulus of the constituent phases, as well as of the volume fraction of the filler phase. Considering random packing of phases, non-uniform shape of particles and anisotropy in stress and strain, the composite constituents are not restricted to be in isostress or in isostrain arrangement, we here replace physical volume fraction of filler phase by the correction term, F. F in general should be a function of the volume fraction of the filler phase and the ratio of the elastic modulus of the constituent phases. Therefore, Equation (18) may be written as
Rearranging Equation (19) we get:
where 
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Applications of the Artificial Neural Networks-Three-Input ANN Model
In the present paper, we have also employed the application of artificial neural networks (ANN) to predict the elastic modulus of the composite materials. Here, we will see that the results obtained to predict the elastic modulus of the composite materials are encouraging. First, we prepared a database to train and test the models developed here. Three input neural networks architecture is developed. The effective elastic modulus of composites depends on the properties of its constituents, so the trained ANN is composed of three input neurons (filler elasticity modulus, matrix elasticity modulus, filler volume fraction) and one output neuron (effective elasticity modulus of the composite) as to satisfy the following relation
we obtained the closest results using 10 optimum number of neurons, in hidden layers and with the training function "Trainlm". The three inputs ANN model is built, trained and tested by the feed forward back propagation algorithm, to obtain the effective properties of the composite materials from the properties of their components. Feed forward networks consist of a series of layers. The first layer has a connection with the network input. Each subsequent layer has a connection with the previous layer. The final layer produces the network's output. Feed forward networks can be used for any kind of input to output mapping. A feed forward network with one hidden layer and enough neurons in the hidden layers can fit any finite input-output mapping problem. Feed forward back propagation neural network structure includes an input layer, a hidden layer and an output layer. The number of neurons in the input layer is equal to the number of input parameters, and the number of neurons in the output layer is equal to the output parameters.
The number of neurons in the hidden layer depends on the number of input and output parameters and of training dataset used. Here, we determined the optimal number of neurons in the hidden layer, by trying different networks. The best outcome is for 10 numbers of neurons in the hidden layer. The ANN model is found capable of predicting elastic modulus of composites well within the ranges of the input parameters considered. The results for elastic modulus predicted by ANN are then compared to those obtained using ellipsoidal model and other theoretical models.
Results and Discussion
In our opinion micro-macro mechanical approaches offer new insights in the material behavior of such spatially distributed particle reinforced composites and may result in new procedures to develop realistic material models for design and optimization purposes. In this paper, we focused on the evaluation of effective material properties of randomly distributed ellipsoidal particle reinforced composites. However, in real systems, the packing and the shape of the particles are random. In order to incorporate varying individual geometries and considering that the strain and stress are not uniform throughout the phases because of the difference in elastic properties of constituent phases, a correction term in place of the volume fraction of filler-phase has been introduced. exp E E φ . One of these plots of ( )
exp E E φ versus F 1/2 for MMT/HMW nylon 6 nanocomposites is shown in Figure 2 , where squares denote the experimental data and straight line indicates the theoretical simulation. From Figure 2 we can observe, that F 1/2 increases roughly, linearly with increasing
We have used the curve fitting technique and found that the following expression
optimum fits the curve obtained in Figure 2 , where C 1 and C 2 are constants. These constants are different for different type of materials. The values of these constants for MMW/glass fiber, MMT/HMW nylon 6 nanocomposites, epoxy composite reinforced with alumina platelets and MXD6-clay nanocomposite systems are given in Table 2 . exp E E φ . (19) . Thus, the correction term depends purely on the elastic properties of the constituent phases and the volume fraction of the filler phase. Developed relation is found to depend on nonlinear contribution of volume fraction of constituents as well as ratio of elastic properties of individual phases. This relation is Figures 3-6 . It is found that the predicted values of effective elastic modulus using modified relations are quite close to the experimental results. To predict the theoretical results using both the well known Halpin-Tsai equations and the Mori-Tanaka theory, we have to consider many conditions for simplicity i.e. many assumptions are inherent to both approaches like the filler and matrix are linearly elastic, isotropic, and firmly bonded. The filler is perfectly aligned, asymmetric, and uniform in shape and size. Particle-particle interactions are not explicitly considered. Of course, for all composite theories the properties of the matrix and filler are considered to be identical to those of the pure components. Therefore, we also have developed our theory considering the above mentioned same assumptions. 
Tables 3(a)-(d)
show a comparison of experimental results of effective elastic modulus and calculated values including the correction term for all above mentioned composites. The deviation between the hypothetically predicted values from our model, and the experimental values is comparatively lower than other models, because in our model, we have used the actual ellipsoidal shape of the filler phase. Table 3 also refers to the ANN predictions. The results of ANN computation show that ANNs have strong potential as a feasible tool for predicting the elastic modulus. Here, we used the multilayered feed-forward neural network with back propagation algorithm, because it can be trained to recognize any arbitrary mapping from an input to output by a gradient-descent based learning algorithm (i.e. Adaption learning function-LEARNGDM). However, it also has its boundaries, especially, slower convergence speed, which affects its practical application to a large extent. In this work, somewhat different neural network architecture is used in which, the multilayered feed-forward neural network and the recurrent neural network were combined. It's referred to as an internally recurrent neural network, which is composed of an input layer of nodes, a hidden layer and an output layer of sigmoid neurons. Unlike the ordinary feed-forward neural network, it adds an additional unit to the input layer of the above network, called a context or state layer. Two bias nodes are separately added to the hidden and the output layer. Cross validation was used as the stop criterion during the training of algorithms, when the set of data was divided into training set and test set. To determine for which internal architecture of ANN, we may obtain the closest results, two hidden layers were used and tested for 10 neurons, with bias and sigmoid activation in the hidden neurons and linear activation in the output neuron. Here, MATLAB R2010bSP1 was used to apply the ANN. We can realize by our computations that this "three input ANN model" show results closer to the experimental data analyzed, except some values which may be regarded as experimental errors. Further Figures 3-6 show the comparison between the experimental and the theoretical values of the elastic modulus for Epoxy/Alumina, Glass Fiber/MMW nylon 6, MXD6/Clay, and MMT/HMW nylon 6 composite materials, respectively, as a function of filler content. It is seen from the Figures 3-6 , that with the increase in the filler concentration, the effective elastic modulus increases with the increase of filler concentration. We can observe from figures, that the predicted values of effective elastic modulus using modified relations are quite close to the experimental results.
These We observe that for three input ANN architecture, best results are obtained with 10 neurons. Besides this statistical comparison, the graphical comparison, as shown in Figures 3-6 reveals that the predictions of ANN are very close to the experimental data and appear as a good option. In reality, the composite materials have been the complex structured materials. Therefore, it may not be practical to describe all details of the internal structure accurately. As the effective mechanical properties depend on various characteristics of the material, accounting for all these is a complex affair. The complexity of geometry encountered, along with the large difference in elastic properties of the constituents makes it difficult to predict the effective mechanical properties.
For this reason, we have used artificial neural networks (ANNs) for the prediction of effective mechanical properties of composite materials. In a simplified mathematical model of the neurons, the effects of the synapses are represented by connection weights that modulate the effect of the associated input signals, and the non-linear characteristic exhibited by neurons is represented by a transfer function. The neuron impulse is then computed as the weighted sum of the input signals, transformed by the transfer function. The learning capability of an artificial neuron is achieved by adjusting the weights in accordance to the chosen learning algorithm. The learning purpose in artificial neural networks is to update weights, so that with presenting set of inputs, desired outputs are obtained. ANN is identified and learns correlated patterns between input data sets and corresponding target values. After training, ANNs are used to predict the outcome of new independent input data. Training is a process that finally results in learning. During this process, the connecting weights between layers are changed until the difference between predicted values and the target (experimental) is reduced to the permissible limit.
Weights interpret the memory and knowledge of a network. With the aforementioned conditions, learning process takes place and trained ANN is used for prediction of outputs of new unknown patterns. For learning this network, back propagation (BP) learning algorithm is used. In the case of BP algorithm, the first output layer weights were updated. A desired value exists for each neuron of output layer. The weight coefficient was updated by this value and learning rules. During training the network, calculations were carried out from input of network toward output and error was then propagated back through the network to prior layers, updating the individual weights of the connections and the biases of the individual neurons. Output calculations were conducted layer to layer so that the output of each layer was the input of next one. Thus error is minimized and best output results are achieved. The main advantage of the ANN approach is that the predictions do not depend upon empirical parameters and is easy to perform.
The aim of the ANN is to predict as accurately as possible the desired output corresponding to an input value. This is realized by training the network, i.e. changing the weight values until satisfying results are obtained for given number of training data. After training the network it is expected that the network will also give a correct output response for other data from the data set. Now, we can conclude that the predicted results for elastic modulus using three input ANN model, show good results in the qualitative and quantitative analysis. Therefore, its use is practical for the region analyzed with an elevated training set. 
Conclusions
The comparison between the experimental data and the proposed model's predictions is made in the present study. Composite materials have been assumed to contain ellipsoidal particles, arranged in a regular three-dimensional cubical geometry. It shows some dependence on the micro structural characteristics and the interconnectivity of each phase and the bonding characteristics of an interface may also affect the elastic modulus of the composite. The elastic properties of the composite materials depend strongly on the elastic properties of their individual phases, and their concentration. This dependence is considered by putting a correction factor in the place of the volume fraction in the derived expression, to calculate the effective elastic modulus. Experimental results of four composites (Epoxy/Alumina, Glass Fiber/MMW nylon 6, MXD6/Clay, and MMT/HMW nylon 6) are used to validate the modified relations. Additionally to compare, theoretical results of Mori Tanaka and Halpin-Tsai models are also used. One may observe that here as E 1 > E 2 , the effective elastic modulus increases, with the increase in the filler concentration. Thus the additional merits of the proposed theoretical model are as follows:
1) The proposed model for prediction of the EEM of systems holds not only for systems for which the EEM of the constituent phases is comparable, but also for systems having a high EEM ratio of the filler and matrix phases, whereas one may find that other models give higher deviations in those situations.
2) This model enables one to avoid the introduction of sphericity or any other factor in the expression of EEM, making the model simple but powerful enough without compromising on the results.
3) This model can also be used with generalization conditions for three-dimensional cubicarray with spherical particles. The generalization to ellipsoidal particles is a useful one, since the ellipsoid can be used to model a variety of particle shapes, including discs and fibers in limiting cases.
The theoretically calculated values of the elastic modulus are in good agreement with the experimental values for all the composite materials. In the present paper, application of artificial neural networks to predict the elastic modulus is investigated. This work shows a possible applicability of ANN to predict the elastic modulus of composites with ellipsoidal inclusions. An ANN model is trained and tested using the available test data collected from the literature. The ANN model is found to predict elastic modulus of the composites well within the ranges of the input parameters considered. The elastic modulus results predicted by ANN are also compared to those obtained using results of the developed ellipsoidal theoretical model as well as Mori Tanaka and Halpin-Tsai models. These comparisons show that ANNs have strong potential as a feasible tool for predicting elastic modulus of composites with ellipsoidal inclusions within the range of input parameters considered. Thus, application of ANN provides us with an additional option to predict the effective properties of the composites and the results obtained using optimum architecture of ANN are reasonably compatible with the experimental data.
